In [Phys. Rev. A 88, 062313 (2013)] we proposed and studied a model for a self-correcting quantum memory in which the energetic cost for introducing a defect in the memory grows without bounds as a function of system size. This positive behavior is due to attractive long-range interactions mediated by a bosonic field to which the memory is coupled. The crucial ingredients for the implementation of such a memory are the physical realization of the bosonic field as well as local five-body interactions between the stabilizer operators of the memory and the bosonic field. Here, we show that both of these ingredients appear in a low-energy effective theory of a Hamiltonian that involves only two-body interactions between neighboring spins. In particular, we consider the low-energy, long-wavelength excitations of an ordered Heisenberg ferromagnet (magnons) as a realization of the bosonic field. Furthermore, we present perturbative gadgets for generating the required five-spin operators. Our Hamiltonian involving only local two-body interactions is thus expected to exhibit self-correcting properties as long as the noise affecting it is in the regime where the effective low-energy description remains valid.
I. INTRODUCTION
Kitaev's toric code [1] serves as the simplest toy model of a quantum memory as well as being the archetypical example of a topological phase of matter. Topological protection of Josephson junction qubits [2] as well as topological error correction [3] have already been experimentally demonstrated. Implementations of spin-lattice models with topologically ordered groundstates using polar molecules stored in optical lattices [4] or laser-excited Rydberg atoms [5] have been proposed.
A challenge to any scalable implementation of topological protection of quantum information is the issue of thermal stability. In its standard form, the toric code Hamiltonian requires a set of local, commuting four-qubit stabilizer operators W = (σ x ) ⊗4 , (σ z ) ⊗4 . Unfortunately, the "bare" toric code Hamiltonian −A W (with A > 0) does not allow for thermally stable storage of quantum information [6] [7] [8] [9] [10] . While performing a bit-or phase-flip on a single qubit (and thus creating two anyonics defects) has an energy cost 4A, these defects can then propagate without any further energy cost and thus destroy the stored quantum information. As a consequence, the lifetime of the quantum information is independent of the size of the memory. Furthermore, interactions in nature are usually two-body, such that the four-body operators W cannot be generated directly but have to emerge from an underlying structure of two-body interactions. Since W will then appear in high-order perturbation theory [11] [12] [13] [14] , the energy penalty A will naturally be weak.
These negative results on the bare toric code have motivated the study of long-range interactions between the stabilizer operators W as a means to suppress the creation and/or diffusion of anyons and thereby increase the lifetime of the stored quantum information [15] [16] [17] [18] [19] [20] [21] . Such long-range interactions can lead to quantum information lifetimes that grow polynomially or even exponentially with L [16, 17, [19] [20] [21] . It has been suggested that such memories are compatible with a recent proposal for faulttolerant holonomic quantum computation based on adiabatic deformation of the system Hamiltonian [22] .
In order to mediate these interactions in a physically plausible way, all of these proposals require five-body operators of the form W ⊗ O, where the operator O allows to couple the stabilizer operator W to an external field which mediates the interaction. The external field can either be elementary (e.g. photons as discussed in Ref. 18) or emerge from the energetically low-lying excitations of a many-body system (e.g. phonons as discussed in Ref. 16 ). In Ref. 21 we have studied in detail the case of bosons hopping in a cubic lattice, leading to a parabolic dispersion near the center of the Brillouin zone.
In the present paper, we focus on the physical implementation of the quantum memory Hamiltonian proposed in Ref. 21 . We start from a spin Hamiltonian involving only local two-body interactions and study its lowenergy theory via a perturbative Schrieffer-Wolff transformation. The bosonic field emerges from the energetically low-lying excitations of an ordered Heisenberg ferromagnet (magnons). For small wave-numbers, magnons indeed feature a parabolic dispersion. Furthermore, we present perturbative gadgets for generating the five-body operators W ⊗ O, describing interactions between the four-qubit stabilizer operators W of the toric code and a spin operator O of the ferromagnet. Since the quantummemory Hamiltonian of Ref. 21 emerges as the effective low-energy/long-wavelength theory of our Hamiltonian with only local two-spin interactions, this system is expected to exhibit self-correcting properties as long as this effective theory remains valid.
The rest of this paper is organized as follows. We briefly review the main results of Ref. 21 in Sec. II and discuss the relation to the present work. In Sec. III, we present perturbative gadgets that allow effective five-body terms W ⊗ O to be obtained from local two-body interactions only. In Sec. IV, we show that using these five-body operators to couple the stabilizer operators W to an ordered Heisenberg ferromagnet leads to a lowenergy effective theory which coincides with the quantum memory Hamiltonian from Ref. 21 . We can thus obtain an effective quantum memory Hamiltonian from a system (perturbative gadgets plus Heisenberg ferromagnet) with two-spin interactions only. In Sec. V we study the regime in which this effective description is expected to be valid. In Sec. VI we study the backaction of the coupling onto the ferromagnet and how to counteract it. We conclude in Sec. VII.
II. PREVIOUS WORK
In Ref. 21 we have studied the following model H int + H b for a self-correcting quantum memory. Consider a bosonic Hamiltonian
with a dispersion, which in the low-k limit is parabolic,
The four-qubit stabilizer operators W p are arranged on a 2D array of size L × L and locally couple to the bosonic field,
where Under the assumption that the bosons are in thermal equilibrium, the bosonic field mediates long-ranged interactions between the stabilizer operators W p . Technically speaking, it is possible to integrate out the bosonic field (either exactly or perturbatively) and derive an effective Hamiltonian for the stabilizers. This Hamiltonian is of the form
where J pp describes a mediated attractive long-range interaction between the stabilizers. More specifically, we have shown the following [21] . 
, such that the energy cost for creating an anyon grows linearly with L and the lifetime does so exponentially.
A. Relation to the present work
The goal of this work is to show that the Hamiltonian H stab can be obtained as an effective low-energy Hamiltonian of a Hamiltonian that involves only nearest-neighbor two-spin interactions. This Hamiltonian is then expected to exhibit self-correcting properties, given that the noise affecting the memory is such that the effective low-energy description remains valid. We realize the bosonic field by a 3D ordered Heisenberg ferromagnet (FM) to which the stabilizers of the toric code couple locally. The long-range interactions J pp in Eq. (3) are then mediated by massless excitations of the FM (Goldstone modes), so-called magnons.
Our model consists of a "gadgetry" and a "ferromagnet" part,
where H G = p H p is a sum of identical gadget terms for each of the stabilizers. The summands H p are sums of two-qubit terms, where one of the two qubits involved is part of the toric code and the other one is an auxiliary or "mediator" qubit. By integrating out all mediator qubits, we obtain a first effective Hamiltonian describing four-qubit stabilizer operators locally coupled to the FM. Here, (H G ) eff is akin to H int in Eq. (2) . The ordered Heisenberg ferromagnet described by H F can be mapped to a bath of bosons (magnons) by means of the well-known Holstein-Primakoff transformation. Even beyond the one-magnon approximation (i.e., taking magnon-magnon interaction into account), the interactions between the stabilizers mediated by the ferromagnet can be described by a final effective Hamiltonian H eff akin to H stab in Eq. (3). The effective interactions J pp are thereby given by the static susceptibility of the FM.
III. PERTURBATIVE GADGETS FOR FIVE-BODY OPERATORS
Given some Hamiltonian with only local two-body interactions, one is often interested in an effective Hamiltonian that describes the low-energy dynamics of the system. This is achieved by "integrating out" the highenergy degrees of freedom. The effective low-energy Hamiltonian then often features a higher complexity than the original one. This lead to the idea of perturbative gadgets [23] [24] [25] , which allows one to systematically construct Hamiltonians with local two-qubit interactions that yield some desired effective (low-energy) few-qubit Hamiltonian. In particular, Ref. 25 showed that any local Hamiltonian can be generated from some 2-local Hamiltonian.
The Schrieffer-Wolff (SW) transformation [26, 27] (see Appendix A for a technical summary) provides a natural framework for obtaining such effective terms. Ref. 28 combined the gadgets of Ref. 25 with the SW method to discuss the simulation of local many-body Hamiltonians by use of 2-local interactions. The schemes we propose in order to generate the five-body terms AW p ⊗ O p shall be analyzed by means of a SW transformation but are simpler than had they been constructed with the perturbative gadgets described in Refs. 25 and 28. Note that while all of the proposals in Refs. [15] [16] [17] [18] [19] [20] [21] require five-body terms of the form AW p ⊗ O p , other quantum memory proposals are not based on coupling stabilizer operators to external fields. However, these alternate proposals in fact involve interactions between more than five qubits. Specifically, the 3-dimensional toric code with "welding" [29] requires six-qubit operators, while the 4-dimensional toric code [15] and Haah's cubic code [30] [31] [32] require eight-qubit operators. These models can thus only be realized with gadgets that are even more involved than the ones discussed in the following. We introduce two sets of spins, namely S j for the spins of the 3D FM located at site j of a cubic lattice and (σ T for the physical spins-1/2 (qubits) of the 2D toric code. Both spins satisfy the usual commutation relations. The code qubits are arranged on a quadratic lattice with periodic boundary conditions. The four-qubit stabilizer operators W p are of the form σ We seek to construct effective terms of the form W p ⊗ S x p , where for the moment we consider
Here, S p is the spin of the FM adjacent to the spins of the stabilizer W p , see Fig. 2 . Let the summands in the gadget Hamiltonian H G = p H p be given by
with ∆ being larger than (the absolute value of) all other energies (see Fig. (3) for an illustration).
We now apply the SW method to successively integrate out the mediator qubits f , g, and u and calculate for each mediator qubit the resulting terms up to third order. Consider a mediator qubit r with energy splitting ∆,
we obtain after integrating out the auxiliary qubit r as described in Appendix A
The unitaries applied during the SW procedure to integrate out qubits f , g, and u (cf. Appendix A) do not commute and higher order terms will thus depend on the order in which this three qubits are integrated out. However, up to the orders stated below, the effective terms are independent of this ordering.
For the sake of a shorter notation, let R p := σ . We neglect terms in the interaction strengths which are smaller by at least a factor ξ 2 than the mentioned terms. After straightforwardly applying x p (spin of the FM). This interaction emerges from local two-body interactions only. The excited state of the auxiliary qubits is penalized by an energy ∆, which is the dominant energy scale in the system. The interactions which are indicated by solid lines produce the actual five-body interaction. Interactions which are indicated by dashed lines allow one to tune the strength of two-, three-, and four-body terms without changing the strength of the five-body term. Choosing δ and τ appropriately allows one to counter undesired two-and three-body terms. Finally, the parameter β allows one to tune the strength of the four-qubit interaction Wp independently of the five-body interaction Wp ⊗ Op.
Eq. (7) in Appendix A to the mediator qubits f , g, and u, we find
The parameter β allows one to tune the strength of the plaquette term W p without affecting the strength of the five-body operator W p ⊗ S ∆ 2 , respectively. We obtain an undesired one-body term (γ + 2τ )S x p which can be countered by an appropriate local field. Finally, the strength of our desired five-body term W p ⊗ S x p is to leading order given by A := −64
If we use the operator W p ⊗ S x p to couple the plaquette W p to external fields, effective twoplaquette interactions mediated by the field will be of even order in A. The sign of α, γ, and is thus irrelevant.
Relabeling x → z → y → x on all qubits, such that the commutation relations of the spin operators are preserved, we can obtain operators of the form (
In conclusion, integrating out the mediator qubits in each gadget leads to an effective coupling Hamiltonian
which is of the same form as Eq. (2).
Note that if we let α, γ, τ → 0 in Eq. (6), we find the simpler effective Hamiltonian
We can thus obtain stabilizer operators W p as they appear in Kitaev's toric code [1] as effective terms using only two auxiliary qubits, nearest neighbor Ising interactions and single-qubit energy splittings. This adds a particularly simple gadget to the list of proposals for perturbatively generating Kitaev's toric code [11] [12] [13] [14] .
We have discussed how the strength of the undesired terms R p and R p ⊗ S x p can be tuned to zero by appropriate choice of the interaction strengths δ and τ . Of course, assuming that the strength of these interactions vanishes exactly is unphysical. Weak terms acting as R p are no threat to the toric code, as it is inherently stable against such local perturbations [1, 33] . However, as the terms R p ⊗ S x p themselves couple to the gapless magnon field, one might fear that their combined non-local interaction may destabilize the toric code groundstate. We have qualitatively discussed the effect of such non-locally coupled perturbations on the stability of the toric code in Ref. 21 and argued that they pose no threat to toric code stabilized by the FM as long as the strength of the accidental terms R p ⊗ S x p is sufficiently smaller than the engineered coupling strength A.
IV. EFFECTIVE LONG-RANGE INTERACTIONS MEDIATED BY THE FERROMAGNET
After integrating out all mediator qubits in the perturbative gadgets, we arrived at a first effective Hamiltonian
describing four-qubit stabilizer operators of the toric code coupled to the FM. Let us now study the interactions between the effective stabilizer operators W p which are mediated by the ordered Heisenberg FM H F , to which they are coupled over the operators S x p . The Hamiltonian of the 3D Heisenberg FM is given by
, where J > 0 is the exchange constant and the sum is restricted to nearestneighbor lattice sites. The FM is of linear size Λ, which is much larger than the linear size of the toric code, Λ L. The FM is assumed to be below the Curie temperature and the spins ordered along the z-direction. To break the symmetry of the FM, a small magnetic field h z in z-direction is applied. This field also stabilizes the FM against the effective longitudinal magnetic field produced by coupling the stabilizer operators of the toric code to the x-component of adjacent FM spins (see below). Although H F is three-dimensional, we point out for the sake of clarity, that the actual quantum memory is the twodimensional toric code. The presence of the 3D system is necessary to mediate long-range interactions between the stabilizers. However, the place where the logical qubits are stored is the two-dimensional toric code.
For A J, we make use of a perturbative secondorder Schrieffer-Wolff transformation [26, 27, 34] to derive the effective plaquette-plaquette interaction (see Appendix B 1) given by
where the coupling is J pp = −A 2 χ xx (R p − R p ) and χ αβ (r) is the static spin susceptibility of the FM. This effective Hamiltonian is of the same form as in Eq. (3) and, as we will discuss now, the mediated interaction strength J pp , too, is of the same form.
The real space static susceptibility χ αβ (r) is defined as the Fourier transform of It is not necessary to explicitly calculate the spin susceptibility in the ferromagnetically ordered state to understand its general behavior at large distances (or small q) [35] . Indeed, for h z = 0, the spontaneous SO(3) symmetry breaking of the state with finite magnetization pointing along the z-axis, implies the presence of low-frequency Goldstone modes (called magnons in this context) and long-range correlations, i.e., the xx-(and yy-) susceptibility has to diverge for q → 0 and takes the following generic form in the hydrodynamic regime (low-energy and long wavelength regime) [35] 
Here, ρ > 0 is the stiffness constant of the FM and M = s z is the magnetization density with (14) is directly connected with the broken symmetry of the ground state: starting from a ferromagnetic state aligned along the zdirection, the slightest x-magnetic field is able to rotate and align all spins in x-direction and thus the response to an external magnetic field indeed diverges at q → 0.
Eq. (14) is the expression for the spin susceptibility in the continuum approximation (lattice constant a going formally to zero). To be valid this approximation does not require that the number of spins goes to infinity, but rather that the distance between neighboring spins is much smaller than the distances we are interested in. Since we are concerned with the long-distance physics of our model on the scale of L, this approximation is justified and simply requires a/L 1. In this limit, both the lattice constants of the ferromagnet and of the toric code are taken to zero such that a single plaquette remains coupled to a single FM spin.
Below we give an explicit expression for the stiffness ρ in the one-magnon approximation. The presence of the symmetry-breaking magnetic field h z introduces a gap in the magnon spectrum and thus a mass term in the susceptibility, i.e., χ xx (q, ω = 0) = 
Since, again, ρ > 0 (see also below), the interaction between stabilizer operators W p is attractive.
For the sake of illustration we calculate ρ in the onemagnon (harmonic) approximation by making use of the Holstein-Primakoff transformation
in the formal limit, where the occupationn i = a † i a i is much smaller than 2S [36] . Here, a i and a † i satisfy bosonic commutation relations and the associated quasiparticles are the well-known magnons (or spin wave excitations). In Fourier space, we get 
which is explicitly attractive since J > 0. We emphasize that Eq. (17) is the one-magnon approximation of Eq. (15) . The sole effect of both temperature and magnon-magnon interactions is to renormalize the coefficients of the interaction (17), i.e., (
, while the form of the potential is not affected. Note that the dimensionality of the 3D FM is critical since Heisenberg FMs in lower dimensions do not order at T > 0 [37] .
If h z is small enough such that L h L, the transverse susceptibility of the FM and hence the mediated interaction J pp in Eq. (15) decay like |R p − R p | −1 on the length-scale L of the toric code. The same decay of J pp was reported in Sec. II for the case of coupling to the bosonic operator O p = a p + a † p . This is of course no surprise, since the spin operator S x p takes in the HolsteinPrimakoff picture and in the limit | n i | 2S indeed the form √ 2S(a p + a † p ). The external magnetic field h z is necessary for stabilizing the magnetization of the FM, keeping it along the z-direction. Indeed, the only condition which needs to be satisfied for the stability of the global magnetization of the FM is that the Zeeman energy E z = h z SΛ 3 due to the h z field remains much larger than the Zeeman energy E x = ASL 2 due to the toric code. As a specific example, one can make the following scaling choice satisfying all constraints:
1. Under these conditions, it is clear that the total magnetization will not be affected by the presence of the memory and the FM spins will not rotate into the x-directionon average. This is in agreement with a Metropolis simulation of the classical Heisenberg FM, see Fig. 4 . However, we show below that backaction effects become eventually important for the FM spins close to the memory.
V. VALIDITY OF THE EFFECTIVE THEORY
Here we analyze in detail the conditions of validity of our effective theory.
As we discussed in Ref. 21 , the thermal stability of the toric code protected by the effective Hamiltonian H eff in Eq. (12) is due to the fact that the cost for inverting a stabilizer W p (creating an anyon) grows without bounds as a function of L. Indeed, assume that initially all stabilizers have a +1 eigenvalue (W p ≡ +1). Then, the energy cost for inverting one of them is given by
where we used Eq. (15) and the assumption L h L. This seems to be in contradiction to the fact that our original Hamiltonian H = H G + H F is a sum of bounded local terms, such that the energy cost for a local change certainly is bounded and does not grow with system size. However, in the case where the effective Hamiltonian (12) emerges from a system with two-body interactions, it describes the system correctly in the long-wavelength and low-energy limit only.
We first note that the Schrieffer-Wolff transformation employed in the derivation of H eff , followed by tracing out the degrees of freedom of the mediator qubits and the ferromagnet is not a unitary operation. Hence, the spectra of H and H eff are, in general, not identical. They match only in the low-energy sector where H eff leads to bounded results. Indeed, when the quantum memory is in contact with a thermal heat bath at inverse temperature β, the expected anyon density (fraction of stabilizer operators W p with a −1 value) is approximately 1/(e βµ(L) +1) (cf. Sec. IV in Ref. 21 for a more careful discussion, taking inter-anyonic interactions into account). The thermal energy of the code system is thus
which vanishes exponentially as L → ∞. The thermal density of anyons is self-consistently suppressed by the effective anyon chemical potential µ(L). The total thermal energy H eff remains thus finite and small even for large L. The fact that µ(L) diverges as a function of L therefore does not invalidate our effective theory when its full effects are taken into account. The effective description breaks down in the hightemperature limit, βµ(L) 1, which corresponds to populating high-energetic states with finite probability, i.e., the anyon density becomes of order unity. Indeed, in this limit, we get H eff ∼ µ(L)L 2 , which is clearly in contradiction with a finite upper bound on the energy density H eff /L 2 . This breakdown of the low-energy effective theory is of course not surprising, since in this regime the perturbative gadgets no longer work and the magnon expansion for the FM becomes invalid. (For T > ∆, J, the fraction of excited mediator qubits and the magnon occupation numbers become of order unity.) Thus, our effective long-wave length and low-energy description is self-consistent for sufficiently low temperatures T and sufficiently large code sizes L. This is similar to e.g. the harmonic approximation of crystal vibrations described by phonons. The Hamiltonian H phonon = q D|q|n q is only valid in the lowenergy regime, and high-energy (large q) excitations are self-consistently suppressed by the Bose-Einstein factor n q = 1/(e βD|q| − 1).
The effective Hamiltonian (12) is not suited to describe the high-energy part of the spectrum, where the anyon density is of order unity. High-energy excitations are produced when anyons are created non-adiabatically, forcing the mediator qubits and the FM to leave their local equilibrium. In such a scenario the gadgets and the FM have no time to react and do not penalize the creation of anyons. In fact, the energy cost to create an anyon "instantaneously" is bounded by a finite constant as argued above. The fast creation of an anyon produces a bunch of high-energy and short-wavelength excitations in the gadgets/FM and these kinds of processes are not described by our effective theory.
In the following, we provide analytical expressions for the regime of validity of our effective theory. In the derivation of Hamiltonian (12) we explicitly assumed that mediator qubits reside in their groundstate and the FM is locally aligned along z-direction. This has to remain valid when thermal anyons are produced. So besides the requirement that the coupling B to the external bath is small, i.e., |B| A, we work in the adiabatic regime where the external bath creates errors in the code on a timescale much longer than 1/A, or in other words, when the error rate is much smaller than A. For instance, modeling the coupling between code and bath by a generic spin-boson model [38] , the error rate γ(ω) describing processes in which an energy ω is transferred from a code qubit to the bath takes the following form [17] 
where ω c is an arbitrary cut-off and κ n contains the coupling B to the external bath (in Born approximation, κ n ∝ B 2 ). For n = 1 the bath is called Ohmic, while it is called super-Ohmic for n ≥ 2. The adiabaticity condition then simply reads γ(−A)
A. In this case, the mediator qubits and the FM have enough time to adapt to the perturbation generated by an error and stay respectively in an unexcited state or locally aligned along z-direction. In this regime, trying to flip a single qubit of the code will "drag along" a large number of other spins, leading to a large effective energy penalty. To conclude, in such a scenario the low-energy description H eff of the two-spin Hamiltonian H, involving long-range interactions between four-qubit operators, remains valid.
VI. BACKACTION EFFECTS ONTO THE FERROMAGNET
Strictly speaking, our analysis of the toric code coupled to a FM (by means of a perturbative SchriefferWolff transformation) is valid when the FM spins are aligned close to the z-direction. This is the reason why we introduced the external field h z ; it stabilizes the FM against the transverse effective magnetic field induced by the toric code and forbids energetically the turning of the total magnetization. However, backaction effects are substantial for the FM spins close to the code and it is interesting to study the dynamics of the FM spins in contact to the toric code. Our study of backaction effects involve both analytical and numerical results and give a good picture of the dynamics of a Heisenberg ferromagnet subject to transverse magnetic field that is localized in a given plane of the lattice.
Let us consider the situation where the coupling of the surface code to the FM is turned on at t = 0 and let us calculate the dynamics of the x-component of a FM spin S i assuming that W j = +1 ∀j. At time t > 0 we have, S 
where C(x) and S(x) are the Fresnel integrals. This expression can be evaluated analytically in several limits (see Appendix C for details). Let us first consider a spin at a FM site R i which is directly adjacent to the toric code. For a small code (L < JS/A) we find the long-time limit S x i (t → ∞) = −AL/J. We compare this result with a Metropolis simulation of the classical Heisenberg FM and obtain good agreement, see Fig. 4 . On the other hand, consider a code which is assumed to be large enough such that it can be formally extended to infinity. For this case, we find the finite-time behavior
for spins adjacent to the toric code. The FM spins next to the code adapt to the effective magnetic field in x-direction in a diffusive way with diffusion constant ∼ A 2 S/J. Note that this expression diverges in the longtime limit, which is of course unphysical since | S x i (t) | is bounded by S. This divergence is an artefact of the harmonic (one-magnon) approximation. We thus trust this approximation at most only for times which are such that | S The deviations S x i (t) in x-direction become comparable with S after a time of order t r ∼ JS/A 2 . We refer to t r as the refreshing time: at this time, the backaction of the surface code on the FM has become substantial with the FM spins close to the code being tilted away from the magnetization direction of the FM (along the z-axis) and pointing now along the x-axis. To restore the full effect of the FM, we refresh the ferromagnetic state with, e.g., a magnetic pulse, so that all spins point again along the z-axis. This procedure has to be repeated periodically on a time scale t r , which, importantly, is independent of the code size L. This refreshing can be considered as part of a cooling cycle to get the heat generated by the surface code out of the system (note that no measurements of stabilizers or entangling operations are involved). This refreshing prevents the total system, FM plus surface code, to reach a new common equilibrium state, and instead ensures that the FM stays in its own equilibrium state.
Finally, let us consider a spin at a FM site R i with a distance d away from the toric code, which is again assumed to be very large. For this case, Eq. (21) evaluates to
The deviation of the FM spins from the ordering along z-direction decays quadratically with the distance from the code.
A. Longitudinal coupling to the ferromagnet
We note that the refreshing process represents a sufficent condition for maintaining an effective quantum memory Hamiltonian. However, it is not necessary. Indeed, let us consider the extreme case where all the spins of the FM tilt into x-direction (possible if we allow E x to exceed E z by assuming e.g. h z = 0). In this worst case scenario, the interaction between plaquettes is not given by the transverse susceptibility of the FM anymore but by the longitudinal one. This fact is derived perturbatively in more detail in Appendix B 2. The longitudinal susceptibility of the FM has been studied in detail both with a spin wave analysis [39] and with a decoupling method [40, 41] . The small q result reads χ || (q, ω = 0) = k B T /8D 2 |q|. This is valid when h Dq 2 k B T , which is the regime of interest here since we focus on distances smaller than L h . We note that, contrary to the transverse susceptibility, χ || (q, ω = 0) vanishes at T = 0, since it corresponds to particle-hole excitations. Here h points in longitudinal direction and is composed of an external magnetic field (which, as above, is assumed to scale as 1/L 4 ) and the magnetic field produced by the surface code. Since the latter scales as 
VII. CONCLUSIONS
Whether there is a physical Hamiltonian that allows for thermally stable storage of quantum information is a big open question in theoretical physics. The answer will depend on what properties are required for a Hamiltonian to deserve the label "physical". If one only requires bounded strength and locality of interactions, the answer is affirmative, as the 4D toric code shows [43] . The 4D toric code also constitutes the only known example of a quantum memory Hamiltonian for which it is rigorously proven that the lifetime grows without bounds (below a critical temperature) and that it is stable against arbitrary (local and weak enough) perturbations. Requiring locality in at most three dimensions excludes the 4D toric code, but boson-mediated long-range interactions still can make the energetic penalty for creating an anyon arbitrarily high [18, 20, 21] . If one additionally requires that all operators be bounded (and thereby excludes bosonic operators), the cubic code [30] [31] [32] still exhibits self-correcting behavior. Finally, if one takes into account that interactions in nature are in fact twobody and thus requires that all terms in the Hamiltonian involve at most two spins, one excludes all existing proposals.
In this work, we have shown that even under this most rigid understanding of what constitutes a "physical" Hamiltonian, we can still expect to observe selfcorrecting behavior. The quantum memory Hamiltonian of Ref. 21 emerges as the low-energy effective theory of a 3D model with bounded-strength interactions between nearest-neighbor spins only. This effective Hamiltonian describes the low-energy, long-wavelength response of the system, and self-correcting behavior can only be observed if the noise affecting the memory is such that this description remains valid.
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This work was supported by the Swiss NF, NCCR QSIT, and IARPA. F.L.P. is grateful for support from the Alexander von Humboldt foundation. Consider some Hamiltonian H 0 with an energetic gap ∆ between a low-and a high-energy subspace. In the context of the perturbative gadgets in Sec. III, H 0 will simply describe the energy splitting ∆ of a mediator qubit, i.e., an auxiliary qubit that mediates interactions between adjacent qubits. Given some perturbation V with V < ∆ 2 , the modified Hamiltonian H 0 + V will display a low-energy subspace of the same dimension as the one of H 0 , which is separated from the high-energy spetrum by a gap of at least ∆ − 2 V . The SW transformation is then defined as a unitary operator e S (with S antiHermitian), such that e S (H 0 + V )e −S is block-diagonal with respect to the high-and low-energy subspaces of H 0 . Together with the requirement that S be block-offdiagonal with respect to the low-and high-energy subspaces of H 0 and that S < π 2 , this specifies S uniquely [27] .
Let P denote the projector onto the low-energy subspace of H 0 . The effective low-energy Hamiltonian
can be expanded in a perturbative series H eff = H
eff + H (1) eff + H (2) eff + H (3) eff + . . ., where explicit formulae for the low-order effective terms can be derived from Ref. 27 . Let Q = I − P , V d = P V P + QV Q, and V od = P V Q + QV P . We have
and
In the last two expressions, L 0 is the Liouvillian super-
, whose inverse is given by
For the second order effective Hamiltonian, one finds the concise formula
We note that with
which leads to Eq. (7). We assume here that the FM is in broken-symmetry state with magnetization along z-direction and we couple the surface code to the transverse x component of the FM spins:
where H 0 is a general S-spin Hamiltonian and A i arbitrary operators which commute with H 0 and with each other. The Fourier components are defined through
where N s denotes the number of spins S i and R i their site. Here we identify the projector P as the operator projecting onto the subspace with a fixed number of magnons n q . Since S x does not conserve the number of magnons, it is clear that V d = 0 and V od = V . Note that we have absorbed the symmetry-breaking term h z i S z i into H 0 . Up to second order, we obtain from Eq. (A7)
We assume that the S-spins are in thermal equilibrium, described by the canonical density matrix ρ = e −βH F /Tr e −βH F , where H F is the S-spin Hamiltonian without the coupling to the plaquettes and corresponds to the main part of the Hamiltonian in Eq. (B1), i.e., H F = H 0 . In doing so, we neglect the backaction of the toric code on the ferromagnet. This backaction will be addressed in Appendix C below where we show that it leads to a localized effect on the ferromagnet which becomes relevant when the size of the toric code increases (see also Sec. VI in the main text). Here, we rely on a formal perturbation expansion in powers of A i /J. Convergence of this formal expansion is an interesting question by itself and can be approached along the lines discussed in Ref. 27 . However, such rigorous treatment is beyond the present scope. Still, in the one-magnon (or harmonic) approximation, the effective Hamiltonian Eq. (12) 
where χ xx (q) is the static spin susceptibility.
Coupling to the longitudinal component of the FM spins
We are now interested in the case where the surface code is coupled to the longitudinal component of the FM spins:
where the sum runs over the L 2 lattice sites lying in the plane of the surface code. The main part H 0 is the Hamiltonian of the FM, i.e., H 0 = H F , which contains the symmetry-braking term h z i S z i . As above, we identify P as the operator projecting onto the subspace with a fixed number of magnons n q . In order to distinguish between the diagonal and off-diagonal parts of the perturbation, it is useful to apply the Holstein-Primakoff transformation in the harmonic approximation (see Eq. (6) in the main text). Doing so we obtain
In Fourier space Eq. (B5) reads
(B6) It is now straightforward to distinguish between the diagonal and the off-diagonal part of the perturbation, namely
Absorbing V d into the main part of the Hamiltonian, we rewrite
with (in the harmonic approximation)
where, as in the main text q = ω q + h z , we assumed that the surface code is free of anyons, i.e., W i = +1, and we used N s = Λ 3 . We see from Eq. (B10) that the backaction effect of the surface code increases the gap of the magnons from h z to h z = h z + AL 2 /Λ 3 . However this additional term has no weight in the thermodynamic limit since it scales with Λ −3 . Using the specific choice of scaling from the main text, we have
In the thermodynamic limit the magnetic length is thus just given by the external magnetic field
This allows us to safely conclude that the backaction of the surface code is negligible in this case. Using Eq. (A7), we find
where the last equality comes from the definition of the susceptibility in Eq. (14) evaluated in the one-magnon approximation. Following the approach of Ref. 39 assuming that β q+k , β q , β( k+q − k ) 1, we have that
where D = 2JS. From Eqs. (B12) and (B13), we finally find a chemical potential for the anyons µ ∝ k B T ln(L/2) as shown in the main text. We note that the term −SA i W i in H 0 leads to an increase of the chemical potential by 2SA. However, this term does not scale with L and can be neglected for large L.
Appendix C: Detailed study of the ferromagnetic spin dynamics under the effective longitudinal magnetic field produced by the toric code
For simplicity, we write in this Appendix H instead of H , where H is as given in Eq. (11) . Furthermore, we are interested in the stable regime of the quantum memory, where topological defects are created on timescales larger than the time on which FM-spins close to the toric code adjust. We thus assume W i ≡ +1 for all stabilizers W i . In the one-magnon approximation, we then have
with k = ω k + h z and ω k = 4JS[3 − (cos(k x ) + cos(k y ) + cos(k z ))] ≈ 2JSk 2 .
Non-equilibrium response for S x
We now calculate the time-dependent expectation value of the local x-magnetization, defined as 
and H F = k k a † k a k in one-magnon approximation.
We define the polaron transformation [21, 42] 
In order to further evaluate the sum k , we go to the continuum limit and replace it by the integral Ns (2π) 3 dk. We also use the small-k/small-h z expansion of the magnon dispersion, k ≈ 2JSk 2 . We obtain
where C(x) = Let us first study a FM spin adjacent to the code plane. In the long-time limit t → ∞, we have, approximating the code by a disk of radius L/2 around our spin of interested at R i ,
As | S x i (t) | is bounded by S, this can of course only be valid for code sizes L ≤ JS A . Let us thus consider the opposite limit of a code which is large enough such that the integral in the integration over all code plaquettes can formally be extended to infinity. Then,
The FM spins next to the code align with the local field in a diffusive way, with diffusion constant ∼ A 2 S/J. For a large enough code, the evolution of a local FM spin is independent of the code size, as expected. For a spin with distance d to the code, the integration is more involved and one finds
The deviation decays quadratically with the distance from the code. The results in Eqs. (C13) and (C14) both diverge as t → ∞. This is an artefact of the harmonic (one-magnon) expansion. We thus trust these results only for times t such that | S x i (t) | ≤ S.
